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This work presents a radial basis collocation method combined with the quasi-Newton iteration method for
solving semilinear elliptic partial differential equations. The main result in this study is that there exists
an exponential convergence rate in the radial basis collocation discretization and a superlinear convergence
rate in the quasi-Newton iteration of the nonlinear partial differential equations. In this work, the numerical
error associated with the employed quadrature rule is considered. It is shown that the errors in Sobolev
norms for linear elliptic partial differential equations using radial basis collocation method are bounded by
the truncation error of the RBF. The combined errors due to radial basis approximation, quadrature rules,
and quasi-Newton and Newton iterations are also presented. This result can be extended to finite element or
finite difference method combined with any iteration methods discussed in this work. The numerical example
demonstrates a good agreement between numerical results and analytical predictions. The numerical results
also show that although the convergence rate of order 1.62 of the quasi-Newton iteration scheme is slightly
slower than rate of order 2 in the Newton iteration scheme, the former is more stable and less sensitive to
the initial guess. © 2007 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 24: 991-1017, 2008

Keywords: radial basis functions; collocation method; quasi-Newton iteration; superlinear convergence;
meshfree; semilinear equations

. INTRODUCTION

Nonlinear elliptic partial differential equations represent many scientific and engineering prob-
lems. Some literatures concerning the numerical approaches for nonlinear equations have been
given, for example, finite difference method [1-3], finite element method [4-6], and boundary
element method [7]. The mesh-based methods are most widely used in solving partial differ-
ential equations. However, the construction of an appropriate mesh in arbitrary geometry is a
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hard and time-consuming task. Consequently, meshfree methods have been introduced in the last
decade, based on approximation methods that do not require a mesh topology, for example, kernel
estimate and modified kernel estimate [8—10], moving least-squares [11-15], partition of unity
[16-20], natural neighbor interpolation [21], radial basis functions [22, 23], and non-uniform
rational B-splines [24]. The discrete equations of the meshfree methods can be constructed based
on smoothed collocation [8], Galerkin method [9, 11, 12, 16, 18, 21], least-squares method [25],
collocation of strong form [26], and stabilized collocation of Galerkin method [27].

The collocation method can be interpreted as an extension of the least-squares methods. We
view it as the least-squares method with quadrature rules [28,29]. The numerical solutions by
this method exhibit high accuracy, nevertheless it accompanies instability due to the large con-
dition number. Several approaches have been proposed to address this issue, for example, the
preconditioning techniques can be used to improve the stability [30]. A concept based on effec-
tive condition number was proposed to represent a more reasonable upper bound of condition
number [28].

Various admissible functions, such as Fourier series, Chebyshev polynomials, and Legendre
polynomials, have been used as the admissible functions in solving partial differential equations
with success. The radial basis functions have also been employed in the construction of approxi-
mations for solving linear elliptic partial differential equation under the framework of collocation
method [22,23,31]. The convergence rates obtained by this method are typically beyond those
obtained by the conventional finite element and finite difference methods. Analogous to other
meshfree methods, in radial basis collocation method the source points of radial basis functions
and collocation nodes can be scattered or clustered in a rather arbitrary fashion.

In this work, we propose a discretization using radial basis collocation with the quasi-Newton
iteration scheme to solve a semilinear elliptic partial differential equation and perform convergence
analysis of this approach. For the collocation method using radial basis functions as admissible
functions, we name such a scheme the radial basis collocation method. In the past two decades,
there have been many applications for the radial basis functions, such as surface fitting, turbulence
analysis, neural network, and partial differential equations, in which the lastest one is of interest
to us. For the application in solving partial differential equations, a large amount of the literatures
focused on the implementation scheme. Very limited results were presented in application to
nonlinear problems using the radial basis collocation method. No error analysis and convergence
study for such a discretization scheme was established to date.

The objective of this study is to investigate how a radial basis collocation method can be used
to solve the semilinear elliptic partial differential equation and whether the sequence solutions
converge. We extend the ideas of previous works [28,31] to the analysis of the semilinear elliptic
equations.

The remaining part of this paper is organized as follows. An introduction to radial basis func-
tions is given in Section 2. In Section 3, the convergence properties of radial basis collocation
method and quasi-Newton iteration scheme are established. Section 4 presents the implementa-
tion scheme and numerical experiments to demonstrate the effectiveness of the methods proposed.
Some conclusions are summarized in Section 5.

Il. THE RADIAL BASIS FUNCTIONS

There have been much development of radial basis functions (RBF) in the past two decades.
Such basis functions can be used as the interpolatory tools for smooth functions. The conver-
gence of interpolants for a continuous function has been discussed, for example, Madych [32]
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and Yoon [33]. Some applications to partial differential equations (PDEs) have been given. Kansa
[22,23] presented a series of applications in computational fluid dynamics. Franke and Schaback
[34] provided some theoretical foundation of RBF method for solving PDE. Hon and Mao [35]
presented an application to Burgers’ equation. Wendland [36] derived error estimates for the solu-
tion of smooth problems. Hon [37] developed a quasi-radial basis functions method for solving
the Black—Scholes equation. Hu et al. [29] presented a weighted radial basis collocation method
for elasticity problems.

A. Rationale of RBF

Several forms of RBF have been introduced. A few examples are: multiquadrics (MQ), Gaussian,
and thin plate splines RBFs as shown in Egs. (2.1-2.3), respectively.

_3
gi(x) = (”,2 + cz)" 2.n=1,2,..., (multiquadrics) 2.1
r2
gi(x) =exp (——’2) , (Gaussian) 2.2)
c
x) = r#Inr;, n=12,...,inR? (thin plate splines) 2.3)
&%) = rt, n=12,...,in R? 1 plate spines :

where x = (x, y) denotes the Cartesian coordinate in R?, and the radius is given by
1
re={(x —x)>+ (v —y)?)2,

where (x;,y;) is called the source point of the RBF, denoted by x;. The constant ¢ involved in
forms (2.1) and (2.2) is called the shape parameter of the RBF. These two functions become much
flatter as the parameter c¢ increases. The MQ RBF is called reciprocal MQ RBF if n = 1, linear
MQ RBF if n = 2, and cubic MQ RBF if n = 3, and so forth. Among them, the linear MQ RBF
is most widely used.

We assume that  C R? is a closed region with the boundary 9€2. Let X; be a set of m source
points,

Xy = {Xi,X,...,X,} S QUIRQ.

For a smooth function u(x), we may approximate it by
vX) =) aigi(x), X €A, 24)
i=1
where v(x) is the approximation of u(x), m > 1, and a; are expansion coefficients. The
convergence rate is given by [32]
lu(x) — v(®)| ~ O(n), (2.5)

for which u(x) is globally analytic or band-limited function, 0 < n < 1 is areal number, ¢ denotes
a shape parameter of the RBF, and é denotes a radial distance defined as

8 = 8(S.&,) = sup min {(x — x)° + (y — y)*} 2. (2.6)

xeQ Xi €Xs
Equation (2.5) indicates that the parameters ¢ and § affect the rate of convergence.

Numerical Methods for Partial Differential Equations DOI 10.1002/num



994 HU AND CHEN

B. Fitting and Other Applications

Let the RBF approximation expressed by (2.4) be used to solve partial differential equations. The
coefficients a; in (2.4) can be determined by solving a set of linear equations arise from the col-
location method (CM). The basic idea of CM is to force the residuals to be zero at the collocation
poiints. We choose the collocation points to be located both in the domain and on the boundary
so that a discrete system can be constructed. Let X, be a set of N collocation points,

X, = {x1,X,...,Xy} ST QUK.

The sets &, and X, may or may not have the common points. For the mathematical theory about
such an unsysmmetic approach, we refer the readers to [31].
We express such an approximation of a function u(x) as follows

(u—v)(x;) =0, forallx; e X,. 2.7

The set of collocation points X, can be arbitrary scattered. Equation (2.7) can be written in a
general form as

Za,-gi(xj) =u(x;), forallx; € &.. 2.8)

i=1

For the number of collocation points, we typically choose it to be larger than the number of the
source points. Equation (2.8) leads to an algebraic system in the form

Ga=Db, 2.9

where a is an unknown vector consisting of coefficients @; in (2.4). It is clear that G isa N by m
matrix with entries g; (X;), and b is a vector associated with function u(x;) with dimension N. The
resultant linear system (2.9) is an overdetermined system, and methods such as QR decomposition,
singular value decomposition, or least-squares method can be considered.

While the radial basis functions offer good approximation of global functions, applications
such as in computational biophysics and computational biochemistry often exhibit local prop-
erties, and the employment of small shape parameter ¢ in basis functions for the solution of
these problems yields very acute results. The Poisson—Boltzmann equation [38, 39] is typical of
this kind, where nonlinearity and singularity exist. One possible approach for solving Poisson—
Boltzmann equation is to introduce radial basis functions with collocation method. This meshfree
scheme is more adequate for such application as the complex affine map in meshing and the need
of fine mesh in finite element [38,40,41] or finite difference [39] yield high computational costs.

lll. RBF COLLOCATION METHOD WITH ITERATION SCHEME
Consider the semilinear elliptic partial differential equation of the form

—Au = f(x,u) in€, 3.1
u=0 onof,
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where Q@ C R? is a bounded domain with boundary 3. A numerical treatment for such a
semilinear problem is as follows: Given an initial guess uy(x) and solve,

_Aun+l(x) - f(X7 Mn(X)), in 97
U1 (x) =0, on 3%,

forn = 0,1,2,.... For problems with strong nonlinearities, an alternative numerical treatment
is introduced as follows: Given an initial guess uy(x) and solve,

{ —Aup1 (X) = Aty (X) = f (X, u,(X)) — Auy (), in £,

U1 (x) =0, on €2, (3.2)

forn =0,1,2,.... Such an iterative scheme falls into three types:

(1) the monotone iteration if A is chosen to be a constant;

(2) the quasi-Newton iteration if A is chosen to be a quotient, L) = f oty

9
Un—Up—1

3f (X,un)
ou

(3) the Newton iteration if X is chosen to be a derivative, f,(X,u,) =

In this work, we consider the use of the radial basis collocation method to solve this semilinear
problem.

A. Description of Radial Basis Collocation Method

Denote by H*(2) the Sobolev space equipped with the norms || - ||z o, kK = 0, 1, 2. Let the solution
of (3.1) be expressed as

=7 agX, (3.3)
i=1

where g;(x) are RBF, and a; are the expansion coefficients. Such an expansion converges
exponentially to the true solution u. The admissible functions can be chosen as

L
v=> dg(x) inQ, (3.4)
i=1

where a; are unknown coefficients to be sought. Denote by V, the finite dimensional collection
of such admissible functions.

Choosing an initial u(, a sequence of radial basis function iterates can be generated. The
minimization problem is given as follow: To seek u,,; € V, such that

E(uy+1) = min E(v), (3.5

where

1 1
E(v) = 3 / (Av + Av + f(X,u,) — Au,)’dx + 5/ v2de, (3.6)
Q a

Q

foru, € V,,n =0,1,2,.... The u, in (3.5) is specified as

L
y =1, (%) = Y a"gi(x), 3.7)
i=1
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where af’” denote the coefficients of the nth iterate u,. The minimization problem (3.5) can be
described equivalently the following formulation

B(u,.1,v) = F(u,,v), VYveVp, (3.8)
where
B(u,v):/(AuAv+k2uv)dx+/ uv de, (3.9)
Q 0
F(u,v) = /(ﬁw— f(x,u)Av) dx. (3.10)
Q

The integrals in (3.6), (3.9), and (3.10) can be numerically evaluated using quadrature rules, for
example, the Gaussian or the Newton—Cotes quadratures rules. The number of quadrature points
in the domain and on the boundary are denoted by N, and N,, respectively. For the numbers
N, as N b= 1,

. "
/ P(x)dx =Y wiP(&), & €Q
2 k=1

A

Np
/ P(x)dt:= Y wP&). &€,
:19] I=1

where P(x) is a given function, w, and w, denote positive weights, and &, and &, denote the
quadrature points located in the domain and on the boundary, respectively.

The collocation method can be interpreted as a least-squares method involving integration
quadrature. The problem (3.5) involving quadrature approximation leads to a discrete problem as
follows: To seek i1, 1 € V; such that

E(ii,4,) = min E (v), (3.11)
veVp
where
. 1 } ., L[,
Ew == (Av+ i+ f(x,u,) —Au,)dx+ = vode, (3.12)
2Jq 2 Joa
foru, € V,,n =0,1,2,..., in which u, is expressed as
L
ity = i1, (X) = Y a"gi(x), (3.13)
i=1

where @ denote the coefficients of the nth iterate i,.
Let N, be the number of collocation points located in the domain and on the boundary, i.e.,
N. = N, + N,. The discrete functional E(v) can further be manipulated as

R | Qa 1 &
E@) =2 ) wid(Av+Av + f( @) = M) EF + 5 ) wilv@V,
k=1 I=1
=: % a’M"WMa — a’M"Wb +d, (3.14)
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where the vector a consists of unknown coefficients with dimension L, and
| M, W0 | b
M_[Mz]’ W_[ 0 w, |’ b= b, |’

where M is an N, by L matrix associated with Av + Av, M, is an N, by L matrix associated
with v, and consequently M is an N, by L matrix. The matrix W, is an N, by N, diagonal weight
matrix consisting of w, and W, is an N, by N, diagonal weight matrix consisting of w;. The
vector by is the known vector associated with f(x,u,) — Au,, b, is a zero vector, and d is the
known value associated with ( f (X, it,) — Ail,)>.

Therefore, the radial basis collocation method can be derived from such a discrete minimiza-
tion problem. Taking variation with respect to the undetermined coefficient vector a, we obtain a
linear system

M'WMa=M'Wh, (3.15)

where M7 WM is symmetric and positive definite. The system (3.15) is called the normal equation.
The direct collocation of (3.2) at quadrature points of E(v) yields

Ma = b. (3.16)

Equation (3.16) can be solved by QR decomposition or singular value decomposition [42]. The
solution of (3.15) approximates the solution of (3.16) bounded by a relative error shown as follows.

Proposition 3.1. We assume that a, is the solution of (3.15) and a, is an optimal solution
of (3.16). Then there exists a relative error

o — s MTW
I20 =0 e conammwy - 18 WL
llal IMTWh]|
where || - || stands for the Euclidean norm, and £ is an energy norm defined as

€ = |Ma, —b||,

and the Cond(-) denotes the condition number of a given matrix. The solution a; approaches the
solution a, when the energy error & is very small

The overdetermined system (3.16) can be written as follows

(At + Aty + f(X,u,) — A, }(&) =0, forall§ € 2, (3.17)
Up1(§) =0, forall§ € oQ. (3.18)
Such a form can also be constructed in a weighted residual formulation for problem (3.2) using

Dirac delta function as the test function. In general, the collocation points, i.e., the quadrature
points, can be scattered in a rather arbitrary fashion.
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B. Convergence Analysis for General Scheme

In this section, we discuss the convergence properties of the sequence i, of the problem (3.11)
to the solution «. The minimization problems are equivalent to the variational formulations. The
analysis made in this section based on variational formulations consists of two steps. The first
one is for the original formulation without quadrature approximation, and the second one is for
the discrete formulation where the quadrature rules are considered. We summarize the conditions
necessary for our discussion in the following assumption.

Assumption3.1. Letu € H*(Q) be a general solution of the problem (3.1), where the function
f (X, u) is nonlinear in u. There exists constants y and u such that

f(x,u)—f(x,u)) <

—h<y< w<h o Yxu),xw) eQx B, (3.19)

Uu—w
where Q = Q U 9%, and for sufficiently small ¢ > 0, and B, is defined as
B.={veH(Q): lu—vlo=<e+llu—ulo} (3.20)

where || - |lo = || - llo> and uq € H?(S) is a given function. The sequence with any arbitrary
initial guess in B, will converge to u in general. Here, A is given in (3.2), A; > 0 is the smallest
eigenvalue of operator —A in 2 subject to the homogeneous Dirichlet boundary condition.

For the purpose of error analysis, we assume that there exists a projection u; € V; satisfying
B(u,v) = F(u,v), YveV.. (3.21)

Combining with formulation (3.8) and using mathematical induction, we obtain an estimate in
Sobolev zero norm || - |o.o (abbreviated as | - |o).

Lemma 3.1.  Let Assumption 3.1 hold, u be the exact solution of (3.1) and u; be the solution
of 3.21). If ug,uy,...,u, all lie in B, then there exists

lup — tpirllo < o |l — uyllo, (3.22)

2oyhy
a242

where 0 < a = < 1. Moreover,

n+1

e = ttsillo < ————llu = wrllo + " e = uly (3.23)

Proof. Subtracting (3.8) from (3.21), we have
Bu, —u,p1,v) = F(u —u,,v), YveV,

and

/A(uL—unH)Avder/ﬁ(uL—u,1+1>vdx+/ (g — thpsr)vde
Q Q aQ

=/A2(u —un)vdx—f(f(x,u)—f(x,u,l))Avdx.
Q Q
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Denote by ¢, = uy — u,, foralln > 0. Let v = ¢, , the above equation becomes

/ Agy 1 Agypy dX + / A2Eps1Enp1 dX +f Eny1Eny1 dl
Q Q a0

f(X,M) - f(xv un)

Q u—1uy

= / )\Z(M - un)8n+l dx — (l/l - url)A8n+l dx.
Q

It follows that

2 2 2 2
A+ A)lensa ||OQ + [l&n+1 ”0,39
2
< Mllu —uplloglensilloe — yllu — uslloell Agnyilloq

2
<A =yaDlu —uqllogllensllogs
where a inequality is used
2 2 2
Mlensillog < NAen1ll5q-

Moreover, we obtain
2 2 2 2
A"+ ) llenslloe = A7 = ya)llu — uyllocllentilloe-
Consequently, we have an estimate as follows

2 —yh

m lu —unllo =: ellu — uyllo.

lup — ttpgrllo = lensillo <

This is the first desired result (3.22).
The second part of the proof is by induction. Suppose that u # u,,; almost every where in
solution domain £2, we obtain
l — tpirllo < llu —urllo + lur — tngrllo
< llu—urlo+allu —ulo
<lu—urlo+eallu—urllo+cllur —uullo
=+ o)llu—urllo+a’llu —u,_1llo
< +a)lu—urllo+elu—urllo+allug — un_illo

=0 +a+a)lu—ulo+ou—u, sl

<U+a+a® 4 +a")u—urlo+ " u—uollo
1 — an+l
= ——lu—urllo+ " lu — uollo-
1l—«a
This is the second desired result (3.23). [ ]
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1000 HU AND CHEN

Next, a variational formulation involving the Newton—Cotes quadrature rules is taken into
account. The discrete problem (3.11) can be described equivalently: To seek u,; € V, such that

B(it,y1,v) = F(ii,,v), Vv eV, (3.24)

where l§‘(-, -) and F (-, -) stand for the terms B(-,-) and F (-, ) evaluated by quadratures rules,
B(u,v) =/(AuAv +A2uv)dx+/ uvde,
Q Elo)

Fu,v) = / (Auv — f(x,u)Av)dx.
Q
According to [31], there exists positive constant C such that

Ivllke < CiLMvlloq, Vv € Vi, (3.25)
vl oe < Csz”UHo,m Yv eV, (3.26)

where L denotes the number of admissible functions in (3.4), and C; is a generic constant.

Lemma 3.2.  For the the Newton—Cotes quadrature rules with accuracy of order r, there exist
the following bounds,

(/ —/) (Av)*|| < CHT'L™||vllg g (3.27)

Q Q 0.9

(/ — /) V| < CRHLT g g (3.28)
Q Q 0.9

/ —/ v? <CR 'L vl|2 .0 (3.29)
9Q 9Q e ’

where h denotes the maximal spacing between integration nodes, i.e., collocation points

Proof. For the integration rules with accuracy of of order r, we have

fr= 17

Q Q

where P is the interpolant polynomial of order r in €2 with the maximal spacing h,
h = max A,

where 7; is the maximal distance of integration node &; of its neighbors. Then, we obtain

‘(/Q_/;)P AP—Aﬁ‘=A(P—ﬁ> /QPM

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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where P+ denotes the » + 1th derivative of P. Let P = (Av)?, we have

/P(r+1) f((AU)Z)(r+l)
Q Q

r+1 r+l1

ZC{+‘/(AU)<’+1—“(AU)<"> <Cc)y
i=0 @ i=0

r+1 r+1

r+1 '

/ Z C;'+1(Av)(r+l—i)(Av)(i)
iz

/ (Av)(r+1—i)(Av)(i)
Q

<C Z [Av|,11-io|Av]iq < C Z V], 43-i0lVlito0
i=0 i=0
r+l1

<3 L ulloaL P lvllye < CL™ ]2,
i=0

where C/ "' denotes binomial coefficient. Combining above two inequalities gives the desired
result (3.27). Again, we obtain

r+1 r+1
2 1 1 1=i), (i
‘/(v )(r+) = / ZC,-” p Ty ® = CZ [Vl ri-ielvlia
Q Qg i=0
r+1

<CY L ullog Llvloe < CL™ ]G q.

i=0

The desired result (3.28) is then obtained. Equation (3.29) can be derived similarly. ]

The projection u; satisfies B(u,,v) = F(u,v), whereas é(uL, V) # I:“(u, v). By using the
inequalities (3.27)—(3.29), we obtain a relation

|B(ur,v) = Fu,v)] < T(h, L),
where
T(h L) = G L™ uglloallvlioe + CAR T L™ (Jugllog + llulloe)lvllos
+ G L fllogllvlloe + Csh ™ L™ lug loae v losgs
and C; are generic constants. Moreover, we obtain
|Bur,v) = F@,v)| < CHHL vl

where

C' = max{Csluz loa, CsA*(lurllog + lullog), Call £ llo.as Csllur lloae)-

Assume there exists another projection, denoted by u;, which satisfies discrete variational
formulation

By, v) = F(u,v). (3.30)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Note that the projection u; is a limit of the sequence {u,}, and i, is a limit of the sequence {i,,}.
For the latter projcetion, a crucial condition

AL =0, k>0, (3.31)
should be fulfilled.

Lemma 3.3.  Let conditions (3.30) and (3.31) hold, following the results in [28,31], there exist
positive constants Cy, k = 0, 1,2 independent of ¢, § and L such that

e el < Cem™) ~ O(n),
where 0 < n, < 1,k =0, 1,2 is real number, and n, = exp (—6;) with 6, > 0
Remark 3.1. We conclude from Lemma 3.3 that the errors in Sobolev norms for linear elliptic
partial differential equations using radial basis collocation method are bounded by the truncation

error of the RBF.

Theorem 3.1.  Let u be the exact solution of (3.1) and u;, be the solution of (3.30). If g = uy,

and iy, s, ...,u, all lie in B, there exist the following condition
n+1
_ _ 1
lu — ippillo < T—a llu — i llo + o lu — uollo, (3.32)

where « is defined in Lemma 3.1
Proof. Subtracting (3.24) from (3.30), we have
Bliiy = itys1,v) = F(u — ity v), Vv € V.

Denote by &, = uy — u,, foralln > 0. Let v = ¢, , the above equation becomes

/ by Abyidx + / A28 1Eardx + / BiE1d
Q Q Q

f(X, I/l) - f(X’ ’Zn)

Q u—1uy

= / MU — i), dX — (U — it,) A, dX.
Q

It follows that
i + M) Ensl5g < B — yA)lu — yllog 1Ent1 log
and
lur — tntillo = lIEntillo < allu — uyllo,

where « is defined in Lemma 3.1. Suppose that u # i,; almost every where in solution domain
Q2. The argument similar to the one used in Lemma 3.1 shows that
_ yn+l
lu —ttyirllo < —a”M —ugllo+ o

1—
This proves (3.32). ]

"Ml — wollo-
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Remark 3.2. Theorem 3.1 implies that i, remains in the ball B,, so that the first term on the
right hand side of Eq. (3.32) is less than or equal to ¢.

Corollary 3.1.  Based on Lemma 3.3 and Theorem 3.1, for sufficiently large L, there exists

= i llo < cz(n;ﬁ) + o = ugllo,

Co(l—a’l+l)
l—a

where Cy = is a constant independent of ¢ and L, and C, is given in Lemma 3.3

Remark 3.3. Corollary 3.1 implies that the sequence solution i,,,, for semilinear elliptic partial
differential equations using radial basis collocation iteration scheme converges exponentially to
u with an exponential convergence rate with respect to ¢ and L.

C. Superlinear Convergence for Quasi-Newton’s Iteration

In the beginning of this section, we provided three iteration schemes for solving a semilinear par-
tial differential equation. They converge to the exact solution with different convergence rates. For
the first iteration scheme, the iterates converge monotonically to the solution. The rate of conver-
gence is slow and cannot be determined in general. For better performance, the quasi-Newton and
Newton iteration schemes can be adopted to accelerate the convergence. Their iterates converge
superlinearlly to the solution. The latter two schemes are closely related, and their conditions for
convergence are almost the same.

Newton’s iteration converges more rapidly than quasi-Newton’s iteration in general. On the
other hand, Newton’s iteration is generally more expensive per iteration. Besides, Newton’s iter-
ation is not guaranteed to converge due to its sensitivity to the initial guess. In present work the
quasi-Newton iteration scheme is considered. Its rate of convergence is superlinear, of order 1.62.
Here, we provide an estimate in Sobolev zero norm. For further discussion, one more assumption
is needed.

Assumption 3.2.  Assume that there exist constants y; and y, such that
" < fuu) <y, ¥Y(xu) € Q2 x B,

where f,, denotes the second partial derivative of f with respect to u, and B, is defined in
Assumption 3.1.

Let G(u) = Au — f(x,u), we assume that the projection u, satisfies the condition
/ Gupvdx=0, YvelV, (3.33)
Q

and its divide difference form is given by

1
/ {G[un] + G[unfla M,,](ML - un) + E Guu (Sn)(uL - unfl)(uL - un)} UdX = O (334)
Q
Here G, () denotes the second derivative of G (-) with respect to u, &, is a function belong to B,
and the divide differences are given by

Gb) — G(a)

Gla] := G(a), Gla,b]:= P
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The corresponding quasi-Newton’s iteration scheme is
f{G[un] + Glun—r1, un ) ps1 — up) v dx = 0. (3.35)
Q

Subtracting (3.34) from (3.35) and combining definition of G[-, -], we obtain
1
f G[unfh un](unJrl - ML)U dx = E / Guu(gn)(uL - unfl)(uL - un)v dx
Q Q
and considering that the test function v equals zero on boundary

/ G(un) - G(unfl)
Q

Uy, — Up—1

(tpp1 —ug)vdx

1

d 1
= _5/ 8_V((ML - un—l)(”L - un))vvdx - _/ fuu(gn)(uL - un—l)(uL - M,,)UdX.
Q ou 2 Jo

Consequently, we have

/ M(unJA — uy)vdx +/ e u;) — et (Up1 —u)vdx
o Q

Uy — Up—q n — Up—1

19

" 20u Jg

1
V(g — )y~ ) Vodx+ 3 / &), =ttt — v dx,
Q
and it follows that

A1+ Y ungr —urllollvllo

IA

1
S{Clue = willillur — walltllvlly + y2llur = waillolluer — uallolivllo}

A

= %{CL3””L —tp—tllollur — unllollvllo + v2llur — un—illollur — unlloliviio},
in which two inequalities are used,

Mu, <—Au,, foralln=>1,

lvlly < CL*v]lo, k=1, forallve V,,
where C is a generic constant. According to the above, we have the estimate

CL3 + )/2

—u < ——— Uy — Uy up —u .
Lllo < 2(/\1+y)” L — Un—tllollur — unllo

lur — wpirllo = luns
We write down above estimate as a lemma below.

Lemma 3.4. Let Assumptions 3.1 and 3.2 hold and u, be the solution of (3.21). If ug and u, are
sufficiently close to uy, then the solution u, ., of formulation (3.5) converges to u;. There exists
an error bound

lur — upsillo < Tllur — up—rllollur — unllo, (3.36)

CL3+y2
2(0+y)

where T = > 0 is a constant independent of n
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An estimate for formulation involving quadrature rules can be derived similarly. We have one
more lemma as follows.

Lemma 3.5. Let Lemma 3.4 and the condition (3.31) hold, and let u; be solution of (3.30). If
uo and u, are sufficiently close to uy, then the solution u,, of formulation (3.24) converges to
uy. There exists an error bound

lar —ttniillo < T llir — i llollitr — itnllos (3.37)
where T is defined in Lemma 3.4
Denote by & the error u; — u; for all kK > 0. Consider the following situation
€ns1llo = TlI€a—1llollEnllo- (3.38)

To determine the order of convergence, we assume that there exists an asymptotic relationship as
follow

lEntillo = @ l|Eallo?.
Therefore, it is clear that
_ _ 4 _ 11
Ello = @ll&n-1llo? and [&,—1llo = @ T |€, 07

Substituting the above equations into Eq. (3.38) leads to

_ 11
oll&llo? =t 71,07 & llo
and
4L |
@' T 1|E,llo? = TlIEllo' 7.

We conclude thatg = 1 + é, orq = 1+T‘E ~ 1.62, and T = w?. Hence, the quasi-Newton’s rate
of convergence is superlinear. Equation (3.38) can be written as

1
o 7lla 1.62
[€ntillo = T [lEn]l0™ "

Above results can be summarize as a theorem below.
Theorem 3.2.  Let the conditations in Lemma 3.5 hold. There exists a constant w such that
liur — tniillo < wllur — unllo?, (3.39)
where g ~ 1.62 and v = r% = 197! is a constant independent of n

In computation, such a g-rate in the numerical results can be calculated via the formula

_ Inf[gnlls —Inl&alls

(3.40)

T In & lls — In[|E,—Ils”
where || - || s stands for one kind of the Sobolev norms.
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The Newton and quasi-Newton schemes are closely related. Recall the Taylor expansion of
(3.33)

/ {G(Mn) + G (uy) (uy —uy) + % Guu(G)(ur — un)z} vdx =0, (3.41)
Q

where ¢, is a function belonging to B;,. The corresponding Newton scheme is
[{G(un) + G () (g1 — up)tvdx = 0. (3.42)
Q

After similar derivations as those for quasi-Newton method, for Newton method there exists an
estimate

- _ - [
litg — thygrllo < Tllip — unllo™, (3.43)

where 7 is defined in Lemma 3.4.

In conclusion, let {#"} and {?} be generated by Newton and quasi-Newton schemes approach-
ing a limit i, , respectively. Suppose that the initial guesses are quite close to the desired solution
iy . There exist the following estimates

- _N 2
”0 = t“”L U ”o ’

- ~N
”uL — U,

iy — 2|, < ol —al,|,". g~ 1.62.
It follows that

1424...42n—1 - on
Iy = =" i — uollo}

e —

on

1
n_ — n -
=7’ 1{||ML - Mo||o}2 = ;{T“ML —ugllo}”

- - 1 o n—1 - n
||ML - unQ “0 < T i, — o)

n

g =1 n - n
=w T {[lug —ugllo}” = z {tlliar — uollo}* .

To satisfy a desired tolerance €, we must have

n > % for the RBC-N iteration scheme, (3.44)
n
n> IL’ for the RBC-QN iteration scheme, (3.45)
ng
where « is given by
{ Int +1Ine }
K= - .
Int +1Inlay —uollo

Numerical experiments concerning the superlinear convergence will be given in the next section.

IV. NUMERICAL EXPERIMENTS

In this section, we provide an algorithm for the radial basis collocation method combined with
the quasi-Newton iteration and present an example in a two-dimensional setting.
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A. Implementation Schemes

The quasi-Newton iteration scheme for the semilinear problem (3.1) is given by

J (X, ity (X)) — f (X, i1 (X))

o) — g () @1

J X un (X)) = f (X, U1 (X))

- - Mn(x )9 X E Q,
1, (X¢) — i1 (%) O

— Aty (Xg) —

= J Xk, tn (Xe) —

(X)) =0, x;€0Q,

forn = 1,2,..., with initial guesses io(x) and i, (x), in which #, | (x) is approximated as
L
lzn+1 (x) = Z legwl)gi (x) = CID(X)Ta(”H), 4.2)
i=1
where
n =(n =(n —(n T
(x) = [g1(x). &2(X).....gt @], a"" =[a" " a, L art]

and g; (x) are radial basis functions mentioned in Section 2.

Let {Xk};(vil and {X,}lsz1 be the sets of collocation points located in the domain and on the
boundary, respectively. Denote by N, = N, + N, the total number of collocation points. The
analysis in the previous section states that the sequence u,,, will converge to solution u as long as
the condition (3.31) is fulfilled. This condition requires that the maximal spacing of collocation
points satisfy the relation

h=o0 (L_rjr%) =0 <L(l+rﬁf")> , k=>0.

To ensure that an optimal solution can be obtained, the number of collocation points should be
chosen much larger than the number of basis functions, i.e., N, > L.
The algebraic linear system (4.1) can be further written as

Ma®+h — Q(a(nfl)’a(n))a(n+l) — b(a(”)) _ Q(a(”fl),a("))a(”), 4.3)

with two initial guesses a©® and a®”’, where M and Q(., -) are N, by L matrices, and the vector
b(-) is with dimension N,.. The definition of each row for the matrix M is

M. = q)xx(xj)T + q)yy(xj)ra 1 S J S Na
I o(x;)7, N,+1<j<N.’

TABLE 1. The error norms and condition numbers for ¢ = 1.6 and N. = 13 x 25.

L = N?
6> 82 10? 122
l — ity |loo.c 4.48 (—3) 1.53 (—4) 1.31 (-=5) 1.74 (—6)
llu — ity o 1.17 (=3) 5.80 (=5) 6.87 (—6) 8.93 (—7)
llu — w0 9.47 (-3) 4.94 (—4) 3.10 (=5) 2.94 (—6)
Cond. 4.24 (5) 1.11 (8) 8.55(8) 2.63 (9)
No. of iterations 15 16 16 17
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TABLEIL. The error norms and condition numbers for L = 10 and ¢ = 1.6.

N,
9x 17 13 x 25 17 x 33 21 x 41
l — ity ]l o2 5.27 (—4) 1.31 (=5) 1.71 (-5) 2.63 (—5)
lu — ity lo.g 2.77 (—4) 6.87 (—6) 4.71 (—6) 6.43 (—6)
llu — w0 8.18 (—4) 3.10 (-5) 4.34 (-5) 7.70 (—5)
Cond. 8.54 (8) 8.55(8) 2.14 (9) 4.37 (9)
No. of iterations 16 16 16 16

and for the matrix Q(-, -) is

f(xj,<I>(xj)Ta(")),f(x.’.@(xj)Ta(nfl))
Q(a(n—l)’ a(n))j — ox;)Tal—ox;)Tat—h

0, N,+1<j<N..

CD(X]')T, 1 < ] < Na,

The components of the vector b(-) are given by

f(xja qD(Xj)Ta(n))’ 1 = J = N(l

ba®); = ) :
) O, Na + 1 S ] S Nc

We name the iteration scheme (4.3) the radial basis collocation quasi-Newton (RBC-QN) iteration
scheme. The stopping criterion for the iteration is chosen as

41 (%) = i1y (%) [0 < 107°. 4.4)

In fact, the Newton and the quasi-Newton iteration schemes are closely related. The radial
basis collocation Newton (RBC-N) iteration scheme is given by

Ma®+) — J@@™)a® ) = p@™) — J@a")a®, 4.5)
with an initial guess a©. The term J(-) is the Jacobian matrix of the vector b(-), which is defined
as
fux;, @x)Ta")d(x;)", 1<j <N,

)y —
a .=
J@™; 0, N,+1<j<N.

Let the following approximation be used in the Newton iteration scheme (4.5).

J X itn) = f(X i)

U, — Up—1

JuX, i) =

TABLEIIL. The error norms and condition numbers for L = 10? and N, = 325.

c
1.0 1.4 1.8 2.2 2.6
I — ity oo, 9.99 (-5) 1.41 (-5) 1.14 (-5) 8.54 (—6) 6.42 (—6)
lu — uyllo.g 247 (-5) 7.24 (—6) 6.09 (—6) 4.25 (—6) 2.70 (—6)
lu — iyl 4.03 (—4) 2.32 (=5) 3.39 (-5) 2.77 (—5) 1.90 (-5)
Cond. 8.40 (8) 1.17 (9) 9.70 (8) 1.43 (9) 1.05 (9)
No. of iterations 16 16 16 16 16
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TABLE IV. The iteration errors and g-rate for L = 102, ¢ = 1.6, and N, = 325.
nth iteration
n=11 n=12 n=13 n=14 n=15 n=16
g — tnlloog 293 (—1) 6.19 (—2) 5.22 (—3) 9.56 (—5) 1.45 (=7) 6.49 (—12)
q-rate - 2.27 1.89 1.76 1.70 1.64
g — unlloq 223 (1) 4.43 (=2) 3.61 (—3) 6.46 (—5) 9.69 (—8) 3.52 (—12)
q-rate - 2.08 1.80 1.72 1.67 1.63
i — unlliq 547 (—1) 1.08 (—1) 8.80 (—3) 1.58 (—4) 2.37 (—7) 1.84 (—11)
q-rate - - 2.13 1.85 1.74 1.62

We then obtain a quasi-Newton iteration scheme (4.3). Note that the Newton iteration requires
2 x N, function evaluations per iteration for f(x,u,) and f,(x,u,), whereas the quasi-Newton
requires only N, function evaluations per iteration for f(x,u«,). Therefore, the Newton scheme
is generally more expensive per iteration. Another disadvantage of Newton iteration is related to
the sensitivity to the initial guess; it is not guaranteed to converge.

B. Numerical Test

Consider a two-dimensional model problem [1] of the form

—Au = f(x,y,u) in £,
uy,=0on x=0, 0<y<2,
u=0ony=0, 0<x<I,
u=0onx=1, 0<y<2,
u=0ony=2 0<x<I,

where Q2 = {(x,y)|0 < x < 1,0 < y < 2}, the function f(x, y,u) is given by

TL’2

flx,y,u) = T”(l —u) +q(x,y),

in which the function ¢ (x, y) = 2sin(%) + ”4—2(1 —x?)? sinz(”z—y). The analytical solution is given

by

u(x,y) = (1 — x?)sin (%) .

TABLE V. The total errors for L = 10?, ¢ = 1.6, and N, = 325.

nth iteration

n=11 n=12 n=13 n=14 n=15 n=16 n=17
lu —ipllooe 239 (1) 6.19(-2) 5.22(-3) 832(-5 130(-5 131(-=5 131(-95)
lu —inlloe 223 (—=1) 443(=2) 3.61(-3) 581(-5 6.78(—6) 6.87(—6) 6.87(—6)
lu —i,llie 547(-1) 1.08(—1) 8.80(-3) 143(—4) 3.09(-5 3.10(=5) 3.10(-5)
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Approximation V

Approximation ‘l.-'x Approximation Vv

FIG. 1. The profiles of solution and solution derivatives by RBC-QN iteration scheme with L = 112,
N, = 325, and ¢ = 1.6. [Color figure can be viewed in the online issue, which is available at www.
interscience.wiley.com. ]

We utilize the RBC-QN iteration scheme (4.3) with two initial guesses a® =
[-1,—1,...,—1]" anda®® =[1,1,...,1]" and use the following basis function

1
8i(X) = —=—,

which is known as the reciprocal MQ RBF. Numerical results are obtained by taking L = N? to
be 6122, N, to be 150-900, and ¢ to be 1.0-3.0. Equally spaced collocation and source points
are adopted so that the radial distance § has an approximate relation as

1 1
sO|=)=0|—=).
()= (%)
The number of collocation points, N., should be greater than the number of basis functions, L.
In the analysis, an overdetermined algebraic system is constructed, the least-squares method is

used to solve the algebraic system at each step, and the iteration is performed until criterion (4.4)
is satisfied.
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Error for U

Error for Ux Error for U!f

00 00
FIG. 2. The errors of solution and solution derivatives by RBC-QN iteration scheme with L = 112,

N, = 325, and ¢ = 1.6. [Color figure can be viewed in the online issue, which is available at www.
interscience.wiley.com.]

The computed errors in the nth iterate and condition number of the matrix M — Q(a®~D, a™)
with various values of L are listed in Table I. We see from this table that there exist the following
asymptotic properties

lu = sl = 0((027)') = 0((027)7),

lu — i llog = 0((0.30)?) = 0((0.30)%),

lu — @, ll0 = 0((0.26)'°) = 0((0.26)F).

Cond. = 0((4.28)"?) = 0 ((4.28)ﬁ). (4.6)

Above relations indicate that the errors decay exponentially as L increases, i.e., § decreases, while
the condition numbers grow exponentially as L increases.

Next, we consider the effects of the number of collocation points N, and the shape para-
meter ¢ of RBF. The computed results are listed in Tables II and III, respectively. We notice form
Table II that the number of collocation points N, has minor effect on the accuracy, as long as

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Error for U

Error for Ux Error for U...
x 10 x 10

FIG. 3. The errors of solution and solution derivatives by penalty RBC-QN iteration scheme with
penalty number P. = 10°. [Color figure can be viewed in the online issue, which is available at www.
interscience.wiley.com.]

N, > 13 x 25 = 325. From Table III, we obtain the asymptotic relations as follows

lu — iyl = O((0.18)°),
llu — inlloe = O((0.25)%),
llu —itnllie = O((0.15)%), 4.7

The errors decay exponentially as ¢ increases. Theoretical analysis states that the flatter RBF used
for interpolation, the better accuracy in the approximation is obtained.

It is seen from above computational results that the number of RBF and its shape have major
effects on the accuracy. The solution convergence can be achieved either by adding the basis func-
tions or by increasing the shape parameter. Equations (4.6) and (4.7) demonstrate the exponential
convergence, which agrees with the analysis given in Theorem 3.1 and Corollary 3.1.

The results presented so far are focused on the total errors. Next, we investigate the iteration
errors. The 20th iterate is chosen to approximate the i, and the iteration errors for L = 102
are provided in Table IV. By virtue of the formula (3.40), the g-rates for the iteration errors are
calculated. We observe form Table IV that there exists a superlinear reduction. The predicted
q-rates agree well with the convergence analysis result given in Theorem 3.2.
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TABLE VI. The iteration errors and the quadratic rate for L = 10, ¢ = 1.6, and N, = 325 by using the
Newton iteration scheme.

nth iteration

n="7 n=2_8 n=9 n=10 n=11
liezg — byl oo, 1.23 3.03(-1) 2.50 (=2) 1.82 (—4) 9.39 (—9)
q-rate - - 3.09 2.33 2.15
litr, — inlloq 1.03 225 (—1) 1.73 (-2) 1.22 (—4) 6.23 (—9)
q-rate - - 2.72 2.22 2.10
liug — unll1e 2.55 5.49 (-1) 4.21 (=2) 2.98 (—4) 1.52 (—8)
q-rate — — 5.28 2.56 2.22

The total errors for the case of L = 10 are listed in Table V. The errors contain discretization
errors and iteration errors. The profiles of approximate solutions and the errors for the case of
L = 117 are plotted in Figs. 1 and 2, respectively. We can see from Fig. 2 that there seems to
have larger errors occurred on the boundary. This can be improved by considering higher weight
on the boundary in functionals E(v) and E (v) defined in (3.5) and (3.11), for example,

1 P,
EW) = -/(Av+,\u+ F(X,u,) — Auy)?dx + —'/ v2de,
2 Q 2 Q2

where P. denotes a large and positive number. The profiles of the errors by such an approach with
P. = 10°% are illustrated in Fig. 3. Indeed, we observe that the errors near boundary have been
improved. Readers may refer the related paper [29] for more details.

Besides, we demonstrate the results by using Newton scheme (4.5) as well. Taking the initial
guess a® =1[1,1,...,1]7, theiteration errors and the total errors for the case of L = 10% are given
in Tables VI and VII, respectively. We observe from Table VI that there exists a quadratic error
reduction and it needs fewer iterations to achieve the desired accuracy. More detailed observation
of changes of total error in different norms are illustrated in Figure 4.

The radial basis function approximation can be applied to nonuniform point discretization. In
this study, the random point distribution is generated by taking perturbation of point locations in
the discretization with uniform point distribution by X; = x; + B; AX, where X; is the position
vector of point i of the uniform discretization, Ax = [Ax;, Ax;] is the nodal spacing vector
of the uniform discretization where Ax; and Ax, are the uniform nodal spacing in the 1- and
2-directions, respectively, §; is a random number with range —0.1 < 8; < 0.1 for node i, and X; is
the perturbed nodal position vector. The nodal point location perturbation is performed for every
refined discretization in the convergence study. The results shown in Table VIII demonstrate a
similar convergence behavior to that of uniform discretization.

TABLE VII. The total errors for L = 10%, ¢ = 1.6, and N. = 325 by using the Newton iteration scheme.

nth iteration

n=7 n=2~8 n=29 n=10 n=11 n=12
l — ity |loo.c 1.23 3.03 (—1) 2.50 (=2) 1.69 (—4) 1.13 (=5) 1.31 (=5)
lu — uyllo.g 1.03 2.25 (=1 1.73 (=2) 1.16 (—4) 6.87 (—6) 6.87 (—6)
lu — i, liq 2.55 5.49 (-1) 421 (=2) 2.83 (—4) 3.10 (-5) 3.10 (—5)
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FIG. 4. The total errors in different norms versus iteration number for quasi-Newton and Newton iteration

schemes, where ¢, denotes the error u — u,,. [Color figure can be viewed in the online issue, which is available
at www.interscience.wiley.com.]

V. CONCLUSION REMARKS

The present work is aimed at providing a convergence analysis and implementation schemes of
the radial basis collocation method in conjunction with the quasi-Newton iteration for solving
semilinear elliptic problems. The main results of this work indicate that there exists an exponen-
tial convergence with respect to the number and the shape factor of the radial basis functions,
and a superlinear convergence with respect to the number of iteration. The numerical results by

TABLE VIIIL.

iteration scheme with random set of source and collocation points.

The error norms and condition numbers for ¢ = 1.6 and N, = 13 x 25 by using quasi-Newton

L = N?
6> 82 10? 122
l — ity |loo.c 4.56 (—3) 1.41 (—4) 1.30 (=5) 1.81 (—6)
llu — ity o 1.19 (=3) 5.56 (=5) 6.74 (—6) 9.51 (=7)
llu — w0 9.09 (—3) 4.58 (—4) 2.90 (—5) 2.98 (—6)
Cond. 423 (5) 1.18 (8) 4.13 (9) 1.40 (9)
No. of iterations 15 15 16 17
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using this iteration scheme (4.3) agree well with the analytical results provided in Section 3. We
summarize the merits for such numerical results as follows.

. The source points and collocation points may be scattered in a rather arbitrary fashion.

However, the number of collocation points should be chosen to be much larger than the
number of source points. Such a scheme is not confined by problems with regular domain.
This is a meshfree technique with considerable flexibilities, and it can be easily applied to
higher dimensions.

. The proposed method provides high accuracy. It can be seen from numerical results that the

errors exhibit exponential convergence rates. Typical mesh-based approaches, for example,
finite difference or finite element methods, offer algebraic convergence rates.

. The simplicity of the proposed method allows easy computer coding. It is known that the

mesh-based methods often involve time-consuming tasks in the construction of a good
quality mesh, since the quality of mesh geometry plays an important role in the accuracy of
numerical solution. The proposed method offers significant simplicity in its discretization.

. Newton iteration scheme is commonly used in nonlinear problems due to its fast conver-

gence rate. Although the convergence rate of 1.62 of the quasi-Newton iteration scheme is
slightly slower than rate of 2 in the Newton iteration scheme, the former is more stable and
less sensitive to the initial guess.

. The analysis made in Subsection B of Section 3 is a general framework for analysis

regardless of iteration method used. Lemma 3.1 can be extended to finite element or finite
difference combined with any iteration methods discussed in this work.

The numerical experiments indicate that an adaptive § — ¢ scheme can be considered to maxi-

mize the effectiveness of the proposed method in solving partial differential equations. To achieve
an effective adaptive computation, an a-posteriori error estimator is needed. The extension of the
proposed radial basis collocation method to other nonlinear problems, such as the parameterized
nonlinear problems [4], will appear elsewhere.
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